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Ph ■ Abstract As we knew, study the perturbation theory of spectra of operator is 

a very important project in mathematics physics, in particular, in quantum me- 
chanics. In this paper, we characterize the Fredholm perturbation for the Weyl 
spectrum, essential spectrum, spectrum, left spectrum, right spectrum, lower semi- 
Fredholm spectrum, upper semi- Weyl spectrum and lower semi- Weyl spectrum of 

(A C 

upper triangular operator matrix Mc = ( q £> 
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1 Introduction 



- T— I ■ 

^ ■ Let H and K be the complex infinite dimensional separable Hilbert spaces, B(H,K) be the set 



of all bounded linear operators from H into K. For simplicity, we write B(H,H) as B{H). If 
T € B(H, K), we use R(T) and N{T) to denote the range and kernel of T, respectively, and define 
a(T) = dimN(T) and /3(T) = dim(K / R(T)) . For T G B(H,K), if R(T) is closed and a(T) < oo, 
we call T an upper semi-Fredholm operator; if (5{T) < oo, then T is called a lower semi-Fredholm 
operator. If T is either an upper or lower semi-Fredholm operator, then T is called a semi-Fredholm 
operator. In this case, the index of T is defined as ind(T) = a(T) — /3(T). If T is a semi-Fredholm 
operator with a(T) < oo and (3{T) < oo, then T is called a Fredholm operator. For T G B(H), the 
ascent asc(T) and the descent des(T) are given by asc(T) = ini{k ^ : N(T k ) = N(T h+l )} and 
des(T) = inf{/c ^ : R(T k ) = R(T k+1 )}, respectively; the infimum over the empty set is taken to 
be co. 

Let G(H,K),Gi(H,K), G r (H,K),$(H,K),$ + (H,K) and $_(H,K), respectively, denote the 
sets of all invertible operators, left invertible operators, right invertible operators, Fredholm opera- 
tors, upper semi-Fredholm operators and lower semi-Fredholm operators from H into K. The sets 
of all Weyl operators, upper semi- Weyl operators and lower semi- Weyl operators from H into K 
are defined, respectively, by 
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MH,K) := {T G $(H,K) : ind(T) = 0}, 

&+(H,K) := {T G &+(H,K) : ind(T) < 0}, 

$±(H,K) := {T G $-(H,K) : ind(T) > 0}. 
When H = K, the above 9 kind operator classes are also abbreviated as G(H), Gi(H), G r (H), $>(H), 
&+(H), &-(H), &o(H),$+(H) and &±{H), respectively. 

For T G B(H), its corresponding spectra are, respectively, defined by 

the spectrum: a(T) = {A G C : T — XI is not invertible}, 

the left spectrum: 07 (T) = {A G C : T — XI is not left invertible}, 

the right spectrum: <r r (T) = {A G C : T — A/ is not right invertible}, 

the essential spectrum: cr e (T) = {X G C : T — XI <J>(i2")}, 

the upper semi-Fredholm spectrum: <jsf+(T) = {A G C : T — A/ <&+(#)}, 

the lower semi-Fredholm spectrum: ctsf-(T) = {X G C : T — A/ $_(#)}, 

the Weyl spectrum: a w (T) = {A G C : T — A/ G" $o(#)}, 

the upper semi- Weyl spectrum: a aw (T) = {X G C : T — A/ <J>^ (//")}, 

the lower semi- Weyl spectrum: <7 stt ,(T) = {A G C : T - XI G" $1 (H)}, 

the Browder spectrum: a b {T) = {X G C : T - XI $b(#)}, where ^ftC-H") : = { T G : 
asc(T) < oo and des(T) < oo}. 

It is well known that all the above spectra are compact nonempty subsets of complex plane C. 

Let H be a Hilbert space and T be a bounded linear operator defined on H and Hi be an 
invariant closed subspace of T. Then T can be represented by the form of 

T = ( * * ) : Hi © Hi -> Fx © Hi, 

which motivated the interest in 2 x 2 upper-triangular operator matrices (see [1-19]). 

Henceforth, for A G B(H), B G B{K) and C G if), we put M c = ( ^ ^ V It is clear 

that Mc G -B(i? © K). Recent, people studied the perturbation theory of some spectra of Mc, for 
example, in [8], for the spectrum a(Mc), the perturbation result is 

P| a{M c ) = ai{A) U a r {B) U {A G C : a(B - A) + (3(A - A)}. (1) 

C&B(K,H) 

In [5], for the Weyl spectrum a w (Mc) and the essential spectrum a e (Mc), the perturbation results 
are 

P| a w {M c ) = asF+(A)\Ja S F-(B)U{X G C : a(A-X)+a(B-X) + (5{A-X)+f3{B-X)} (2) 

CeB(K,H) 

and 

p| a e {M c ) = a SF +(.A) U a SF ~(.B)U 
CeB(K, H) 

{A G C : min(/3(^ - A), a{B - A)) < max(/3(^ - X),a(B - A)) = oo}. (3) 

In [1-3, 10], the authors also characterize completely sets (~)c<=b(k h) a *(Mc), where a*{Mc) may be 
the Browder spectrum, left spectrum, right spectrum, lower semi-Fredholm spectrum, upper semi- 
Fredholm spectrum, lower semi- Weyl spectrum or upper semi- Weyl spectrum of Mc, respectively. 

Moreover, in [13-15], for the spectra <7*(Mc), where = a r ,asF~ or a sw , its perturbation 
result is 

p| a > ,(Mc) = ( P <?*{M C )) U {A G C : A - Ais compact}; (4) 

CeG(K,H) CeB(K,H) 



for the spectra <7*(Mc), where cr* = ai,asF+ or a aw , its perturbation result is 

p| ct*(M c ) = ( P| cr*(M c )) U {A G C : B - Ais compact}; (5) 

CeG(K, H) CeB(K,H) 

for the spectra <r*(Mc), where <r* = a,a e or o^, its perturbation result is 

P| cr*(M c ) = ( Pi ct*(M c )) U {A G C : A - AorB - Ais compact}. (6) 

CeG(K, H) CeB(K,H) 

Note that equations (1) to (3) showed the perturbation of all bounded linear operator C in 
B(K, H), and equations (4) to (6) showed the perturbation of all bounded invertible linear operator 
C in G(K, H). 

In this paper, we characterize the Fredholm perturbation for the Weyl spectrum, essential 
spectrum, spectrum, left spectrum, right spectrum, lower semi-Fredholm spectrum, upper semi- 
Weyl spectrum and lower semi- Weyl spectrum of Mq- 



2 Main results and proofs 



Case 1. Suppose a(A) = (3(B) < oo. Define an operator Q : K — > H by Q 



At first, in order to characterize the perturbation of Weyl spectrum of Mq, we need the following: 
Lemma 1. For a given pair (A,B) G B(H) x B(K), the following statements are equivalent: 

(i) . there exists some C G B(K, H) such that M c G &o(H ffi K), 

(ii) . A G $+(#), B G and a(A) + a(B) = (3(A) + (3(B), 

(iii) . there exists some Q G G(K, H) such that Mq £ $ (H ® K), 

(iv) . there exists some Q G <&(K, H) such that Mq G <&q(H ffi if). 
Proof. (i)44>(ii) was proved in [5, Theorem 3.6]. 

(ii)=>(iii). It is sufficient to prove that if A G $+(H), B G ®-(K) and 0(A) = a(B) = oo, 
then there exists Q G G(K, H) such that Mq G <I>o(-ff © K). To show this, there are three cases to 
consider: 

' Ti 
T 2 

N(B)®N(B) ± -> J R(A) ± ®i?(^l), where Ti and T 2 are invertible operators. Obviously, Q G G(if, if) 
and M Q G $(ii"©if). Also, it is evident that N(M Q ) = N(A)®{0} and R(Mq) 1 - = {0}®R(B) ± . 
Thus a(M Q ) = P(Mq) = a(A) = [3(B) < oo, and hence Mq G $ (H © K) is clear. 

Case 2. Suppose /3(B) < a(A) < oo and put / = a(A) - (3(B). Note that /3(A) = dim N(B) 1 - = 
oo, let R(A) 1 - = H 1 ®H 2 and dimF 2 = I, N(B) 1 - = K 1 ®K 2 and dim(ifi) = I. 

/ Ti \ 

Define an operator Q : K —> H byQ = T 2 : iV(B) ffiifi ©if 2 -> #i ffi#2 © R(A), 

\ T 3 / 

where Ti,T 2 and T3 are invertible operators. Obviously, Q G B(K,H) is invertible. Now we claim 

/ Ti \ 
T 2 

that Mq G $o(# © -*0- In fact, Mq has the following form: Mq = Ai T 3 

5i B 2 
\ / 
iV(A)©Ar(A) ± ©iV( J B)©ififfiiC 2 — ► H 1 ®H 2 ®R(A)®R(B)®R(B) ± , where ^ G B(N(B) ± , R(A)) 
and -B 2 ) G B((K\ © K 2 ),R(B)) are invertible operators. Moreover, observe that dimifi < 00, 
we have Bi G G(K 1 ,R(B 1 )), B 2 G G(K 2 ,R(B 2 )) and dimifi = dimf?^) = dim(R(B) © R(B 2 )). 
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R(B) © R(B) . 



Then W 1 M Q W 2 



( Ti \ 

T 2 

Ai 

B 2 

\ / 



N(A) © JV(^) © 7V(B) © K x © K 2 — ► N(A) © 



H l @H 2 ® R{A) © © 



ffieff 2 ei2(A)e 



: N(A) © iV(A) © JV(-B) © K x © K 2 — > H l @H 2 



R(A) © © R(B) . Since Ai, Ti and T 2 are invertible, we get that R(WiM Q W 2 ) =H 1 ®H 2 
R{A) © i?(£ 2 ) © {0} and N(W 1 M Q W 2 ) = N{A) © {0} © {0} © {0} © {0}, and R(W 1 M Q W 2 ) ± 
{0} © {0} © {0} © (R(B) © R{B 2 )) © R(B) L . Thus W 1 M Q W 2 G © if) and 



o^Mq^) = a(A) = I + (3(B) 
= dim KTi + /?(£) 
= dim( J R(5)© J R( J B 2 )) + /3( J B) 
= (3(W 1 M Q W 2 ) < 00. 



So W\MqW 2 G $ (-H"ffi-^)- Also since Wi and W 2 are invertible, it follows that Mq G ^(i?©^). 

Case 3. Suppose a(A) < /3(B) < 00, put / = -a(A). Since dim R(A) = d\mN(B) = 00, let 
R(A)= H 1 ®H 2 and dimfli = /, N(B) = K X ®K 2 and dim(^T 2 ) = I. That dimF 2 = dim(i^i) = 00 

/ Ti \ 

is clear. Define an operator Q : K -> H by Q = T 2 : © if 2 © N(B) ± -» 

V T 3 / 

i?(A)^ (B Hi (B H 2 , where Ti, T 2 and T3 are invertible operators. Obviously, Q G G(K, H). Similar 
to the proof of Case 2, we can also show that Mq G <&q(H ® K). 

It follows from Case 1 to Case 3 that (ii)=>(iii). 

Finally, (iii)=>(iv) and (iv)=>(i) are clear. The lemma is proved. 

From Lemma 1 and Equation (2), we have the following: 
Theorem 1. For a given pair (A, B) G B(H) x B(K), we have 

P| a w (M c )= P| a w {M c )= f] a w (M c ) 

Ce$(K,H) CeG(K,H) CeB(K,H) 

= a SF +(A) U asF-(B) U {A G C : a(A - A) + a(B - A) / 0(A - A) + (3(B - A)}. 

In order to characterize the perturbation of essential spectrum of Mc, we need the following: 
Lemma 2. For a given pair (A,B) G B(H) x B(K), the following statements are equivalent: 
(i). there exists some C G B(K, H) such that M c £ ${H ®K), 



( Ae $(H) and B G &(K) 

\ or A G $ + (H),B G and /3(A) = a(B) = oo, 

(iii) . there exists some Q £ G f (if, iJ) such that Mq e $(H ® K), 

(iv) . there exists some Q £&(K, H) such that Mq G © K). 

Proof. (i)=^(ii). Suppose that M c G ${H®K) for some C G £(-fsT, It follows from [5, Theorem 
3.2] that A G ® + (H),B G <&-(K). Moreover, by [19, Lemma 2.2] we have that either both A and 
B are Fredholm operators or neither A nor B is a Fredholm operator. Thus (3(A) = a{B) = oo 
when neither A nor B is a Fredholm operator. 

(h)=Khi). To do this, if A G &(H) and B G <fr(iT), then M c G &(H@K) for every (7 G B(K, H). 
On the other hand, if A G -B G <&_(-fT) and /?(.A) = a(-B) = oo. Define an operator 

Q : K ^ H byQ = ,jM : N(B) © N(B) 1 - -> fl(A) 1 - © where 7\ and T 2 are 

invertible operators. Obviously, Q G G(if, and it is easy to show that Mq G <&(H © K). 
(iii) =>■ (iv) and (iv) =4> (i) are obvious. The lemma is proved. 

From Lemma 2 and Equation (3) we have the following immediately: 
Theorem 2. For a given pair (A, B) G B(H) x B(K), we have 

p| a e (M c )= p| a e (M c )= p) a e (M c ) 
Ce$CR",/T) CeG(K,H) CeB(K,H) 

= a SF +{A) U a SF -{ B ) U {A G C : mm(/3(A - X),a{B - A)) < max(0(A - \),a(B - A)) = oo}. 



In order to characterize the perturbation of spectrum of Mq, we need the following lemma 
which is a generalization in [9, Theorem 2] in the case of Hilbert spaces: 

Lemma 3. For a given pair (A,B) G B(H) x B(K), the following statements are equivalent: 

(i) . there exists some C G B(K,H) such that Mc is invertible, 

(ii) . A is left invertible, B is right invertible and (3(A) = a(B), 

(iii) . there exists some Q G G(K,H) such that Mq is invertible, 

(iv) . there exists some Q G <&(K,H) such that Mq is invertible. 

Proof. (i)=>(ii) is prove in [9, Theorem 2]. In fact, if Mc is invertible, it is easy to show that A is 
left invertible and B is right invertible, which implies that a(A) = (3(B) = 0. Moreover, it follows 
from Lemma 1 that a(A) + a(B) = (3(A) + (3(B), thus (3(A) = a(B). 

(ii) =>(iii). Suppose A is left invertible, B is right invertible and (3(A) = a(B). Define an 

operator Q : K -> H hyQ = ° \ : iV(£) © N(B) 1 - -> i?(A) x © where Ti and T 2 

are invertible operators, it is evident that Q G G(K,H) and Mq G G(.ff © -ftT). 

(iii) => (iv) and (iv) (i) are obvious. The lemma is proved. 

From Lemma 3 and Equation (1), the following theorem is immediate: 
Theorem 3. For a given pair (A,B) G B(H) x B(K), We have 

pi a(M C )= p °( m c)= n u ^ m c) 

Ce$(K,H) CeG(K,H) CeB(K, H) 

= ai(A) U a r (B) U {A G C : a(B - A) + (3(A - A)}. 



In order to characterize the perturbation for left spectrum, right spectrum, lower semi-Weyl 
spectrum, upper semi-Weyl spectrum and lower semi- Fredholm spectrum of Mc, we need the 
following three lemmas: 



Lemma 4. For a given pair (A,B) G B(H) x B(K), if either i or B is a compact operator, then 
for each C G &(K,H), Mc is not a semi-Fredholm operator. 

Proof. If B is a compact operator, then we can claim that Mc is not a semi-Fredholm operator for 
each C G $>(K, H). If not, assume that Co G 3>(-K", #) such that Mq, is a semi-Fredholm operator. 
Since C G ®(K,H), there exists Ci G ®(H,K) such that C Ci = / + K, where K G is a 

compact operator. Note that 

A C \f I 0\ ( A- C dA C \ / —if A C 
5 j \ -CiA / y V -5Ci^ B j V -BC X A B 

we have that f BC^A i? 1 * S & sem i~Fredholm operator. Also since i<C and are compact 

bolh ( _^ ° ) md ( -f » ) „ „. Thus ( $ « ) „ . 

semi-Fredholm operator, which is impossible. So Mc is not a semi-Fredholm operator for each 
C G if). 

Similarly, we can prove when A is a compact operator, Mc is not a semi-Fredholm operator for 
each C G if). The lemma is proved. 

Lemma 5. The following statements are equivalent: 

(i) . B is not compact, 

(ii) . for each given A G Q + (H), if (3(A) = oo, then there exists an operator C G G(K,H) such 
that Mc is an upper semi-Weyl operator and a(Mc) = o*(A), 

(iii) . for each given A G & + (H), if (3(A) = oo, then there exists an operator C G &(K,H) such 
that Mc is an upper semi-Weyl operator and a(Mc) = ce(A), 

(iv) . for each given A G $ + (H), if (3(A) = oo, then there exists an operator C G G(K,H) such 
that is an upper semi-Weyl operator, 

(v) . for each given A G $+(H), if (3(A) = oo, then there exists an operator C G &(K,H) such 
that Mc is an upper semi-Weyl operator, 

(vi) . for each given A G $> + (H), if h (3(A) = oo, then there exists an operator C G G(K,H) 
such that Mc is an upper semi-Fredholm operator, 

(vii) . for each given A G &+(H), if (3(A) = oo, then there exists an operator C G &(K,H) such 
that Mc is an upper semi-Fredholm operator. 

Proof. Obviously, we only need to prove the implications (i) =4> (ii) and (vii) =>■ (i). 

(vii) => (i). If B is compact, then it follows from Lemma 4 that Mc is not a semi-Fredholm 

operator for each C G &(K,H), which contradicts with (vii). Thus B is not compact, 
(i) =4> (ii). Suppose that B is not compact. Then we consider the following two cases: 
Case 1. Assume that R(B) is closed. Since the assumption that B is not compact, we have 

that dim N(B) ± = oo. Also since (3(A) = oo, let R(A) ± = H 1 ®H 2 with dimfli = dim N(B) and 

dimi?2 = oo. Define an operator C : K — > H by 

c = ( °o c 2 ) : N{B) ® N{B)± ^ Hl ® ^ 2 ® 

where Ci G B(N(B),H 1 ) and C 2 G B(N(B) ± , H 2 © -R(^4)) are invertible operators. Obviously, 
operator C is invertible. By [12, Lemma 2], Mc is an upper semi-Fredholm operator. Moreover, 
it is easy to prove that N(M C ) = N(A) © {0} and dim R(M C )~ L > dimH 2 = oo. Thus, M c is an 
upper semi-Weyl operator and a(Mc) = a(A). 

Case 2. Assume that R(B) is not closed. By [13, Lemma 3.6] and its proof, we can obtain an 
operator C G G(K,H) such that Mc is an upper semi-Weyl operator and a(Mc) = a(A). The 
lemma is proved. 



Duality, we have: 



Lemma 6. The following statements are equivalent: 

(i) . A is not compact, 

(ii) . for each given B G &-(K), if a(B) = oo, then there exists an operator C G G(K, H) such 
that Mq is a lower semi-Weyl operator and (3{Mq) = (3(B), 

(iii) . for each given i? € $_(!£"), if a(i?) = oo, then there exists an operator C G $(K, H) such 
that Mc is a lower semi-Weyl operator and (3(Mc) = /3(B), 

(iv) . for each given B 6 $_(K), if a(l?) = oo, then there exists an operator C G G(K, H) such 
that is a lower semi-Weyl operator, 

(v) . for each given B G $>-(K), if a(B) = oo, then there exists an operator C G &(K,H) such 
that Mc is a lower semi-Weyl operator, 

(vi) . for each given B G &-(K), if a(-B) = oo, then there exists an operator C G G(K, H) such 
that Mc is a lower semi-Fredholm operator, 

(vii) . for each given B G &-(K), if a(B) = oo, then there exists an operator C G &(K,H) such 
that Mc is a lower semi-Fredholm operator. 

Our Theorem 4 and Theorem 5 following show the similar conclusions as Equation (4)- (5). 

Theorem 4. For a given pair (A, B) G B(H) x B(K), we have 

p| cj*(M c ) = ( p| <j*(Mc)) U {A G C : A - Ais compact}, 

Ce*(^,/T) CeB(K, H) 

where a* G {<r r , asp- , cj sw } . 

Proof. According to Lemma 4, it is clear that 

p| <t*(M c ) 3 ( p| cr*(Mc)) U {A G C : ^4 - A is compact}. 

Ce$(K,/T) CeB(K,H) 

In order to show the theorem, we only need to prove that 

p| <t*(M c ) C ( p| <t*(M c )) U {A G C : 4 - A is compact}. 

C€<!>(K,H) CeB(K,H) 

(i). Suppose that (•) = asF-{-) and A G" (HceBf-K H) a SF~(Mc)) ] J{\ G C : A— A is compact}. 
Then A — A is not compact and there exists C G B(K, H) such that Mc — AG © if), and 

hence £- A G 

Case 1. a(-B — A) = oo. It follows from Lemma 6 that there exists C G &(K,H) such that 
Mc — A is a lower semi-Fredholm operator. This implies that A G" (~)ce<s>(K H) a SF~(Mc)- It is clear 
that 

P asF-(Mc) C ( P <75i?_(M(7)) U {A G C : A — A is compact}. 

Ce®(K,H) CeB(K,H) 

Case 2. a(B - A) < oo. This implies that B - A G $(-?0, an d so ^4 - A G <&-(H) since 
Mc — A G $_(-ff © if). Thus, we have that Mc — A is a lower semi-Fredholm operator for each 
C G -B(if, H), which means A G" C\ce$(K H) a SF~(Mc)- Thus 

P a SF -{Mc) C P (Tsf_(Mc) U {A G C : A - A is compact}. 

ce<i>(-ft", CeB(K,H) 

Together Case 1 with Case 2, we have 

P cr S F„(Mc) = ( P asF~(M c )) U {A G C : A - A is compact}. 

ce*(Jsr,i?) ceB(K,H) 



(ii). Suppose that cr*(-) = oy(-) and A ^ (f1cgB(^ H) °v(Mc)) U {A S C : i - A is compact}. 
Then A — A is not compact and there exists C G B (if, H) such that Mc — A G G r (H © if), and 
hence -B — A G G r (K). 

Case 1. a(i? — A) = oo. It follows from Lemma 6 that there exists C G Q(K,H) such that 
Mc — A is a lower semi-Weyl operator and [3{Mc — A) = (3(B — A). Note that B — A is surjective, 
then Mc — A is also surjective. This implies that A g" f)ce<&(K if) °v(Mc). It is clear that 

P| cr r (Mc) C p cr r (Mc) U{AeC:i-A is compact}. 

c*e*(-ftr, -f/) ceB(K,H) 

Case 2. a(i? — A) < oo. This means that B— A G $(if ), so it is easy to prove that A— A G $_(if). 
Moreover, it follows from [10, Corollary 2] that a(-B — A) > (3(A — A). Next we claim that there 
exists some C G $(K, H) such that A g" f) C e$(K,H) °v(Mc). For this, let jV(2? - A) 1 " = if i © if 2 
with dim if 2 = dim (3 (A — A). Define an operator Q : if — ► ii by 

Q = ( ? c 2 ) : (iV(s " A) Kl) ^ 2 ~^ " A) R( - A ~ A)± ' 

where C\ G B(N(B - A) © ifi,i?(^ - A)) and C 2 G B(K 2 ,R(A - A)- 1 ) are invertible operators. 
Obviously, operator Q G G(if, H) and Mc — A is surjective. Thus 

P cr r (M c ) C p cr r (M c ) U {A G C : ^ - A is compact}. 

CeG(K,H) CeB(K,H) 

Together Case 1 with Case 2, we have 

P ov(Mc) = P cr r (M c ) U {A G C : A - A is compact}. 

Ce$(K,H) CeB(K,H) 

Similarly, when <7* = a sw , we can prove the conclusion is also true. 
By the proof methods of Theorem 4, we can prove the following result: 
Theorem 5. For a given pair (A,B) G B(H) x B(K), we have 

P ct*(Mc) = ( P <7*(M C )) U {A G C : B - A is compact}, 
C€$(K,H) CeB(K,H) 

where a* G {o-;,cr aw }. 
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